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Differential Algebraic Logic

{ℎ’ = 𝑣, 𝑣’ = −𝑔 & ℎ ≥ 0}

{𝑥’ = 𝑑1, 𝑦’ = 𝑑2 & 𝑑1’ = −𝜔𝑑2 ∧ 𝑑2’ = 𝜔𝑑1 ∧ 𝑑1
2 + 𝑑2

2 = 𝑟2}

{𝑥’ = 𝑟 𝑐𝑜𝑠 𝜑 , 𝑦’ = 𝑟 sin 𝜑 , 𝜑′ = 𝜔}

Capture short term evolution of complicated dynamics



{𝑥’ = 𝑑1, 𝑦’ = 𝑑2 & ∃𝜔.−1 < 𝜔 ∧ 𝑤 < 1 ∧ 𝑑1’ = −𝜔𝑑2 ∧ 𝑑2’ = 𝜔𝑑1 ∧ 𝑑1
2 + 𝑑2

2 = 𝑟2}

{𝑥’ = 𝑑1, 𝑦’ = 𝑑2 & ∃𝑟. 3 < 𝑟 ∧ 𝑟 < 4 ∧ 𝑑1’ = −𝜔𝑑2 ∧ 𝑑2’ = 𝜔𝑑1 ∧ 𝑑1
2 + 𝑑2

2 = 𝑟2}
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Differential Algebraic Logic

{ℎ’ = 𝑣, 𝑣’ = −𝑔 & ℎ ≥ 0}

Capture parametric systems with reasonable bounds 
for all parameters

=> we need a symbolic solution

E.g. “Whatever parametrized obstacles do, 
the car has a chance to avoid collision!” ∃𝑝. α 𝛽 𝜑

Differential Algebraic Constraints

Differential Jump Constraints: ∃𝑎. (𝑤 ≔ 𝑎2 ∧ 𝑎 < 5)



Semantic:
Differential Jump Constraints:
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Differential Algebraic Logic

𝑣, 𝑤 ⊨ ∀𝑥.Φ ⟺ (𝑣𝑥, 𝑤) ⊨ Φ
for all states 𝑣𝑥 that agree with v but have an arbitrary value r at x 

𝑣, 𝑤 ⊨ ∃𝑥.Φ ⟺ (𝑣𝑥, 𝑤) ⊨ Φ
for some 𝑣𝑥 with some value r at x
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Local Reasoning about Diff. Eq.

𝒙′ = 𝜽 &𝐻

At every point, the right hand side of the differential
equation describes the dynamics where this point
moves to.

𝜽



Idea: compute the derivative of the differential equation and the property to show
=> 𝜽 in {𝒙’ = 𝜽} immediately reveals how the property evolves at each point
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Symbolic Differentiation

𝐷 𝑟 = 0

𝐷 𝑥 𝑛 = 𝑥 𝑛+1 𝑒. 𝑔. , 𝐷 𝑥′ = 𝑥′′

𝐷 𝑎 + 𝑏 = 𝐷 𝑎 + 𝐷 𝑏
𝐷 𝑎 − 𝑏 = 𝐷 𝑎 − 𝐷 𝑏
𝐷 𝑎 ∙ 𝑏 = 𝐷 𝑎 ∙ 𝑏 + 𝑎 ∙ 𝐷 𝑏

𝐷
𝑎

𝑏
= 𝐷 𝑎 ∙ 𝑏 − 𝑎 ∙ 𝐷(𝑏)/𝑏2

𝐷 𝐹 = 

𝑖=1

𝑚

𝐷(𝐹𝑖)𝑤ℎ𝑒𝑟𝑒 𝐹1, … , 𝐹𝑚 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑙𝑖𝑡𝑒𝑟𝑎𝑙𝑠 𝑖𝑛 𝐹

𝐷 𝑎 ∗ 𝑏 = 𝐷 𝑎 ∗ 𝐷 𝑏 𝑤ℎ𝑒𝑟𝑒 ∗ 𝜖 ≤,≥,<,>,=
𝐷 ¬𝑎 = ¬𝐷(𝑎)

in particular: 𝐷 𝑎 ∨ 𝑏 = 𝐷 𝑎 ∧ 𝐷(𝑏)
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Local Reasoning about Diff. Eq.

Lemma 3.1: (Derivation Lemma).

𝒅 𝒗𝒂𝒍 𝝋 𝒕 , 𝜽

𝒅𝒕
𝜻 = 𝒗𝒂𝒍  𝝋 𝜻 ,𝑫 𝜽

along the flow, analytic derivatives of valuations co-
incide with valuations of syntactic derivations.

differentially augmented state

like 𝜑(ζ) except 𝑥(𝑛) =
𝑑𝑛𝜑 𝑡 𝑥

𝑑𝑡𝑛
(𝜁)
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Differential Weaken

DW: differential weaken

𝛤 ⊢ ∀𝛼 𝐻 → 𝜙 , 𝛥

𝛤 ⊢ 𝑥′ = 𝜃&𝐻 𝜙, 𝛥

Ignore differential equation if evolution domain
constraint 𝐻 already implies 𝜙.



Summer 2015 Constructing and Verifying Cyber Physical Systems - Marcus Völp 306

Differential Cut

DC: differential cut

𝛤 ⊢ 𝑥′ = 𝜃&𝐻 𝐶, 𝛥 𝛤 ⊢ 𝑥′ = 𝜃&𝐻 ∧ 𝐶 𝜙, 𝛥

𝛤 ⊢ 𝑥′ = 𝜃&𝐻 𝜙, 𝛥

Ignore differential equation if evolution domain
constraint 𝐻 already implies 𝜙.
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Differential Auxiliaries

DC: differential cut

𝜙 ↔ ∃𝑦Ψ 𝛤 ⊢ 𝑥′ = 𝜃, 𝑦′ = 𝜈&𝐻 Ψ, 𝛥

𝛤 ⊢ 𝑥′ = 𝜃&𝐻 𝜙, 𝛥

Ignore differential equation if evolution domain
constraint 𝐻 already implies 𝜙.
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Differential Induction
Induction (over iterations)

⊢ ∀𝛼𝜙 → [𝛼]𝜙

𝜙 ⊢ [𝛼∗]𝜙

DI: Differential Induction
 Continuous form of induction
 Derivative points to the direction how the

solution of a differential equation will evolve

𝛤,𝐻 ⊢ 𝐹, 𝛥 𝛤 ⊢ ∀𝛼(𝐻 → 𝐹′𝑥′1,…,𝑥′𝑛
𝜃1,…,𝜃𝑛 ), 𝛥

𝛤 ⊢ 𝑥′1 = 𝜃1, … , 𝑥
′
𝑛 = 𝜃𝑛&𝐻 𝐹, 𝛥

where 𝐹′𝑥′1,…,𝑥′𝑛
𝜃1,…,𝜃𝑛 abbreviates 𝐷(𝐹) with 𝑧‘ = 0 for

variables that do not change.

Differential Invariant:
 Region where the derivative always points into

the region

𝑭

If we start in F and the local dynamics never points 
outside F, then the system always stays in F when 
following the dynamics.
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Differential Induction

DI: Differential Induction

𝛤,𝐻 ⊢ 𝐹, 𝛥 𝛤 ⊢ ∀𝛼(𝐻 → 𝐹′𝑥′1,…,𝑥′𝑛
𝜃1,…,𝜃𝑛 ), 𝛥

𝛤 ⊢ 𝑥′1 = 𝜃1, … , 𝑥
′
𝑛 = 𝜃𝑛&𝐻 𝐹, 𝛥

Notice: it is crucial that
𝐷 𝐹 ∨ 𝐺 = 𝐷 𝐹 ∧ 𝐷 𝐺

or alternatively:
𝐷 𝐹 ∨ 𝐺 = (𝐹 ∧ 𝐷 𝐹 ) ∨ (𝐺 ∧ 𝐷 𝐺 )

𝑭

𝑮



Summer 2015 Constructing and Verifying Cyber Physical Systems - Marcus Völp 310

Differential Induction

UNSOUND!!! Differential Induction

⊢ ∀𝛼(𝐹 ∧ 𝐻 → 𝐹′𝑥′1,…,𝑥′𝑛
𝜃1,…,𝜃𝑛 )

𝐻 𝐹 ⊢ 𝑥′1 = 𝜃1, … , 𝑥
′
𝑛 = 𝜃𝑛&𝐻 𝐹

It is unsound to restrict the “induction step” to F only.

∗ (𝑢𝑛𝑠𝑜𝑢𝑛𝑑)
⊢ ∀𝑥. (𝑥2 ≤ 0 → 2𝑥 ≤ 0)

𝑥2 ≤ 0 ⊢ 𝑥′ = 1 𝑥2 ≤ 0
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While Termination

Loop variant:
mathematical function on program state space whose value is
monotonically decreasing wrt. a well-founded relation.

Well-founded relation:
Every nonempty subset 𝑆 ⊆ 𝑋 of a class 𝑋 has a minimal
element:

∀𝑆 ⊆ 𝑋. 𝑆 ≠ ∅ → ∃𝑚 ∈ 𝑆. ∀ 𝑠 ∈ 𝑆 𝑠,𝑚 ∉ 𝑅

s

loop body

variant(s’’’)

s’ s’’ s’’’

variant(s)      > variant(s’)      > variant(s’’)      >

partial correctness:

𝐼 ∧ 𝐶 𝑆{𝐼}

𝐼 𝒘𝒉𝒊𝒍𝒆 𝐶 𝒅𝒐 𝑆 {𝐼 ∧ ¬𝐶}

total correctness:

< 𝑤𝑒𝑙𝑙𝑓𝑜𝑢𝑛𝑑𝑒𝑑 𝐼 ∧ 𝐶 ∧ 𝑉 = 𝑧 𝑆{𝐼 ∧ 𝑉 < 𝑧}

𝐼 𝒘𝒉𝒊𝒍𝒆 𝐶 𝒅𝒐 𝑆 {𝐼 ∧ ¬𝐶}
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Differential Variant

DV: Differential Variant

𝛤 ⊢ 𝑥′1 = 𝜃1, … , 𝑥
′
𝑛 = 𝜃𝑛~𝐹 𝐻, 𝛥

𝛤 ⊢ ∃𝜀 > 0. ∀𝛼(¬𝐹 ∧ 𝐻 → (𝐹′≥ 𝜀)
𝑥′1,…,𝑥

′
𝑛

𝜃1,…,𝜃𝑛 ), 𝛥

𝛤 ⊢ 𝑥′1 = 𝜃1, … , 𝑥
′
𝑛 = 𝜃𝑛&𝐻 𝐹, 𝛥

where ~ is the weak negation, i.e., like ¬ except that
~(𝑎 ≥ 𝑏) ≡ 𝑏 ≥ 𝑎 and ~(a > b) ≡ 𝑎 ≤ 𝑏
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