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Differential Dynamic Logic () universimar

LF QE(VX (2(X) F (X)), 4 (id eliminate existential)
[P(s( Xy, .., X)) F U(s(Xq,... X)), A e, -v, A ... TVO, FT, A
'k [a]o, A I'-V*o— ), A T+ (a)p, A T V(6 — 1), A
' [a]y, A I'E (), A
'+ o, A ['EVY¢ — [a]o), A 'E VYo — ), A
[ o], A
't Jvp(v), A ' VYVo>0 (p(v) = (a)p(v —1)), A ' V*(Fu<0p(v) = ), A

(i¥ quantifier elimination)

T'FQE(3X A(®; - ¥;)), A H

([] generalization)

(() generalization)

(ind loop invariant)

(con loop convergence)

'+ (a*)¥, A
I H-FA TrFY(H-F% %)A
(DI differential invariant) TF =6 7 =& HiF} A'n.
. . _  TrEi =612, =0, &~FIH A TFISOV(-FAH = (F'>e))...0) Al
(DV differential variant) T (o =t =G CHVE A
I'EVYH — ¢),A
(DW differential weaken ) A i 0% ;Ip])qb A
i _ I'kF[2'=0&H]C,A F'F[2'=0&(HANC)]o, A
(DC differential cut) IF 7 = 0L Hlo. A
. . o oo Tyy TH['=0y =9&H]) A
DA differential 1 S
( ifferential auxiliaries) TF @ = 0& Ho A
'k ly:=06lo, A X (z:=X)o VX [z := X]¢
(I A auxiliary variable) ljyk @:X ' ((:x) random) (-‘1(».:?: *)o> ([:#] random) [_‘F[J; *]Q]Q 8
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Z

4+ Capture short term evolution of complicated dynamics

'\ (¢ =7 o8,y =TS, ¢ = w}

</ > W =dyy =dy &dy = ~wdy A dy) = wdy Ad] +dF =77}
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Differential Algebraic Logic

(K =v,v = —g&h =0}

Capture parametric systems with reasonable bounds

\v\ for all parameters

y => we need a symbolic solution
(x=d,y =d, &Tw.—-1< o AW<1Ad{=—wd, A dy = wd; ANd? + d5 =12}

{x'=dq,y —d2&3r3<rAr<4/\ di'=—wd, A d,’ —a)dl/\d2+d2—r}

Y

A,

Differential Algebraic Constraints

E.g. “Whatever parametrized obstacles do,
the car has a chance to avoid collision!”

Ap. [a](B)e

Differential Jump Constraints: 3a. (w := a®* Aa < 5)
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Semantic:
Differential Jump Constraints:

i (v,w) EVx.® & (v, w) ED
\‘\ for all states v, that agree with v but have an arbitrary value r at x

/ W) EIx® & (v,w) ED
for some v, with some value r at x

@R\
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{x' = i&H}

(DI differential invariant)

(DV differential variant)
ifferential weaken

(DW diffi | weaken)
(DC differential cut)

(DA differential auxiliaries)

Volp
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At every point, the right hand side of the differential
equation describes the dynamics where this point

302
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Symbolic Differentiation_

Idea: compute the derivative of the differential equation and the property to show
=> 0 in {x’ = 0} immediately reveals how the property evolves at each point

D(r) =0
D(x™) =x"*D (e.g.,D(x") = x")
D(a+b) =D(a)+ D(b)
D(a—b) = D(a) — D(b)
D(a-b)=D(a)-b+a-D(b)

D (%) —D(a)-b—a-D(b)/b?

D(F) = /\ D (F;) where {Fy, ..., E,} is the set of literals in F
i=1
D(a xb) = D(a) * D(b) where * €{<,>,<,>,=}
D(—la) = —|D(a)
in particular: D(aVv b) = D(a) A D(b)
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(DI differential invariant)

(DV differential variant)
(DW differential weaken )
(DC' differential cut)

(DA differential auxiliaries)

differentially augmented state
d"e(t)(x) 0

like @ (0) except x(W = v

Lemma 3.1: (Derivation Lemma). /
d val(o(t),0)

1t &) =val(@(), D)

along the flow, analytic derivatives of valuations co-
incide with valuations of syntactic derivations.
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(DI differential invariant)

(DV differential variant)
» (DW differential weaken )
(DC' differential cut)

(DA differential auxiliaries)

DW: differential weaken

' -v*H - ¢), A
Itk [x'=0&H]|p, A

lgnore differential equation if evolution domain

constraint H already implies ¢.
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Differential Cut

(DI differential invariant)

(DV differential variant)
(DW differential weaken )
» (DC' differential cut)

(DA differential auxiliaries)

DC: differential cut

I'k[x' =0&H|C,A T+ [x =0&HAC]p, A
' [x = 0&H]p, A

lgnore differential equation if evolution domain

constraint H already implies ¢.
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(DI differential invariant)

(DV differential variant)
(DW differential weaken )

(DC' differential cut)

» (DA differential auxiliaries)

DC: differential cut

¢ < IyY r-[x'"=6,y = v&H]|¥, 4
'k [x'=0&H]|¢p, A

lgnore differential equation if evolution domain

constraint H already implies ¢.
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\ \ X N - Y / / / / Induction (over iterations)

" If we start in F and the local dynamics never points Ve - [a]d

| outs@e F, then the system always stays in F when / ¢ + [a*]p
following the dynamics.

DI: Differential Induction

=  Continuous form of induction

= Derivative points to the direction how the
solution of a differential equation will evolve

FHv-FA T FYSH - FOn

I+ [x’1 = 91, vy, X n = Hn&H]F,A

), 4

where F'e}""’enlnabbreviates D(F) with z°= 0 for

X 1,00X
variables that do not change.

Differential Invariant:
= Region where the derivative always points into
the region
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DI: Differential Induction

IHrF,A T -VY%H > F'oro

A

X 1,...,x’n)'

I+ [x'1 = 91, ...,x,n = Hn&H]F,A

Notice: it is crucial that
D(FVG) =D(F)AD(G)
or alternatively:
D(FVG)=(FAD(F))V(GAD(G))
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UNSOUND!!! Differential Induction 1

- VEF AH - F/ )
[H]F (o [x,]_ = 81, ...,x,n = Qn&H]F

* (unsound)
FVx.(x2<0-2x<0) 1
x2<0F[x'=1]x%2<0

v

It is unsound to restrict the “induction step” to F only.
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Loop variant:
mathematical function on program state space whose value is
monotonically decreasing wrt. a well-founded relation.
partial correctness:
Well-founded relation:
Every nonempty subset S € X of a class X has a minimal {I AC}S{I}

element: {3 whileCdoS{l A=C}
VSCX.S#0P->ImeS.VseS(s,m) &R

total correctness:

< well-founded {INCAV =2z}S{IANV < z}
{I} while Cdo S {I N-C}

loop body
variant(s) > variant(s’) > variant(s”) > variant(s’”’)
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DV: Differential Variant

I+ [x,]_ - 91, ...,x,n - Hn"’F]H,A
['+3g>0.YY(=F AH — (F'2 &) ) 2
X 1,9X
I+ (.xll - 61, ...,x,n - Hn&H>F,A

where ~ is the weak negation, i.e., like — except that
~(a =2b)=b=aand~(@a>b)=a<bh
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